Introduction
In 2009 at Max Planck Institut für Mathematik (Bonn), P. Stevenhagen asked the following question:
"Given any N, can one find a variety and a prime p such that the number of points over the finite field F p is N?" In the case when the variety is of genus 1, we are looking for elliptic curves and a prime number p for which the number of points on the elliptic curves over the finite field F p is N. Stevenhagen highlighted a method which allowed him to produce an elliptic curve rapidly if N (more than 60 digits) is given. For more details, see his work with R. Bröker [4] .
As an "application" of this work, Stevenhagen mentioned that when N is a birthdate, written as an eight-digit number in the form DDMMYYYY, one can construct an elliptic curve and a prime p such that the number of points of the curve over F p is exactly N. For example, S. Ramanujan's birthdate is 22 December 1887 and the curve y 2 = x 3 + 5 887 973x + 11 302 155 has exactly 22 121 887 solutions over F 22 130 519 . We shall call an elliptic curve attached to a birthdate a "birthday elliptic curve". Stevenhagen's constructions of such curves require the computations of Hilbert polynomials satisfied by certain special values of the j-invariant. In this article, we illustrate how "birthday elliptic curves" can be constructed with the aid of computer algebra and the Ramanujan-Weber class invariants and their analogues. We emphasize here that our method is unlikely to be as powerful as that of Bröker and Stevenhagen. However, the main purpose of this article is to connect Ramanujan's work to the constructions of "birthday elliptic curves" by computing the values of the j-invariant (instead of its minimal polynomials) explicitly using various class invariants.
Class invariants
Suppose n > 4 is a squarefree integer. Let K n be the imaginary quadratic field Q( √ −n ) and C n be the corresponding ideal class group. It is known, via class field theory, that there exists a maximal unramified abelian extension of K n , say H n , such that the Galois group Gal(H n |K n ) is isomorphic to C n . The field H n is called the Hilbert class field of K n . Let
where
It is known that the Hilbert class field H n of K n can be generated by special values of the j-invariant over K n [7, Theorem 11.1] . The use of special values of the j-invariant to generate H n is far from satisfactory as their absolute values are often very large. Computing the minimal polynomials satisfied by these values also involved large integers. As such, other class invariants are more desirable. For more details about the disadvantage of using j-invariants, see the paper by Gee and Stevenhagen [8] and the references there.
We collect here a list of class invariants g n , G n , t n and λ n used to replace j-invariants as functions that generate the Hilbert class fields.
(a) Let n ≡ 2 (mod 4) and
(e) Let n ≡ 11 (mod 24) and
(f) Let n ≡ 19 (mod 24). In this case, we compute √ 27/t 12 n and derive H n as
For more details about G n , λ n and t n , we refer the readers to [5, 6, 1, 9] . Readers might wonder why we write 24 ) and 3 n even though both fields are the same. The reason being that 2 −1 G 4 n is a unit in this case while G n is not. Evaluating units is easier than evaluating algebraic integers. We use extensively the fact that if σ ∈ Gal(H n |K n ) then σ (u) is a unit if and only if u is a unit. For more details of such computations, see [5] .
The use of units such as 2 −1 G 4 n (when n ≡ 7 (mod 8) and 3 n) and t n (when n ≡ 11 (mod 24)) allow us to compute explicitly the values of these class invariants when C n is of the form We next show that the number of integers satisfying (2.1) is finite. We need the following theorem: We have done an extensive computer search using magma [3] for discriminants of value 7 × 10 5 and we list them in Tables 1, 2 and 3 for s = 3, 4 and 8 respectively. 
Theorem 2.1. Let h(d) denote the class number of the imaginary quadratic field with discriminant d and let g(d) denote the order of the group of genera. Then
lim d→−∞ g(d) h(d) = 0.
